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Challenges	to	the	student*	of	nuclear	structure	

•  Nucleus--quantum	mechanical	many-body	problem	
												not	a	branch	of	pedagogical	quantum	mechanics	
															needs	approxima)ons	or	models	(Pauli	exclusion	principle	
																		severely	modifies	bare	nucleon-nucleon	interac)on)			

	
•  Nuclear	structure	study	as	a	many-body	problem:	

necessitates	acquisi)on	of	large,	systema)c	data	sets	
													we	possess	extraordinary	control	over	the	many-body	aspects	of	the	
																			nucleus	and	the	processes	that	can	be	effected	in	the	laboratory		
									

*We	are	all	students	



Philosophical	perspec)ve	
•  We	are	about	to	enter	a	restaurant	that	serves	(brain)	food.	
•  The	instructor	is	the	chef.		
•  But	the	chef	does	not	cook	and	serve	you;	rather,	the	chef	shows	

you	how	you	will	cook	your	meal.	
•  It	is	a	(very)	long	)me	since	the	chef	has	been	served	a	ready	to	eat	

meal.	
•  The	chef	has	favorite	recipes	(they	may	not	be	yours).	
•  The	chef	s)ll	occasionally	suffers	from	food	poisoning	(you	will	too).		
•  Some)mes	what	you	cook	will	be	delicious;	some)mes	it	will	be	

difficult	to	chew,	and	some)mes	ugerly	indiges)ble.	
•  BON	APPÉTIT!	
•  P.S.	This	is	reality	(television).	

Acknowledgement:	I	would	like	to	thank	Marcus	Scheck	for	challenging	me	to	think	
more	deeply	about	what	I	do	when	I	present	myself	as	a	teacher.	

The	responsibility	of	a	teacher	is	that	their	students	do	not	(completely)	starve.	



Chart	of	the	nuclides	

~3200 known (ca. 2016) 
~7000 can exist in the laboratory 

Pure	samples,	with	specified	Z	and	N,	even	
at	the	single-atom	level,	can	be	isolated	for	
study	in	the	laboratory.	

R&W	Fig.	1.2	



Welcome	to	the	many-body	problem	
(restaurant)!	



LECTURE	1	

																								Nuclear	systema)cs	
	
Key	types	of	data	
Some	basic	features	



Nuclear	binding	energy	per	nucleon	

B/A--near constant value: 
nuclei are liquid-drop like 

R&W	Fig.	1.4	



One-neutron	separa)on	energies	

odd-even staggering: 
pairing force 

R&W	Fig.	1.8	



Two-neutron	separa)on	energies	

sudden discontinuities: 
energy shell structure 

R&W	Fig.	1.9	



Differences	in	binding	energy	
reveal	shell	structure	
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1 Elements of nuclear structure
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Figure 1.10: Two-neutron separation energies for selected isotopes with even N from Z = 20 (calcium) to
Z = 98 (californium). The energy gaps at N = 20, 28, 50, 82 and 126 are clearly visible. Further, there is no
evidence for large energy gaps at any other values of N between 20 and 156. (The data are from Audi G.,
Wapstra A.H. and Thibault C. (2003), Nucl. Phys. A729, 337.)

1.3.2 Nucleon transfer reactions and spectroscopy

A simple way to identify single-particle states in a nucleus is by means of single-
nucleon transfer reactions. A transfer reaction is an interaction between a projectile
nucleus and a target nucleus which results in a transfer of nucleons between the
two. In a pickup reaction, nucleons are removed from the target and added to the
projectile whereas in a stripping reaction the converse occurs. Transfer reactions
are important sources of nuclear structure information because they measure the
extent to which a final state of a nucleus diÆers from an initial state of a neighbouring
nucleus by either the addition or removal of one or more nucleons.

Single-nucleon pickup and stripping reactions are particularly important because
they enable one to infer the occupation probabilities of single-nucleon states. In
an independent-particle model, single-nucleon states are either occupied or empty.
However, due to correlations brought about by residual interactions, single-nucleon
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R&W	Fig.	1.10	



Root-mean-square	charge	radii	of	nuclei	

near linear slope: 
nuclei are liquid-drop like       

R&W	Fig.	1.5	

the	size	of	the	nucleus		
fixes	its	scale	of	quan4za4on	

R	≈	1.2	A1/3	fm	



Elas)c	scagering	of	electrons:	
high	precision	probe	of	nuclear	size	(197Au)	
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1 Elements of nuclear structure

Figure 1.6: DiÆerential cross section for
elastic scattering of 153 MeV electrons
by 197Au nuclei. The diÆraction pattern
seen for the diÆerential cross section as a
function of angle reveals that the nucleus
has a diÆuse surface (B) rather than a
sharp surface (A). A consequence of this
(as shown in the inset) is that the nu-
clear radius at the half density is slightly
smaller than it would be for a nuclear
density with a sharp surface that gives
the same hr2i1/2. The pattern that would
be seen for scattering from a point charge
is also shown (cf. Figure 1.1). (The fig-
ure is from Bohr A. and Mottelson B.R.
(1969), Nuclear Structure, Vol. 1 (Ben-
jamin, New York), (republished by World
Scientific, Singapore), p. 159. The data
are from: Hahn B., Ravenhall D.G. and
Hofstadter R. (1956), Phys. Rev. 101,
1131; Yennie D.R., Ravenhall D.G. and
Wilson R.N. (1954), Phys. Rev. 95, 500;
and Herman R. and Hofstadter R. (1960),
High Energy Electron Scattering Tables,
Stanford Univ. Press, Stanford, Califor-
nia.)
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1.3 Nuclear shell structure

One of the big surprises in the development of nuclear physics was that nuclei, like
atoms, exhibit properties characteristic of a system with a shell structure. The
origin of shell structure in atoms is well understood. Atomic electrons move in the
central (spherically symmetric) Coulomb field of a small, but relatively massive, and
highly-charged nucleus. The field of the nucleus, as seen by an electron, is partially
screened by other atomic electrons. But, apart from the screening eÆect, the inter-
actions between electrons are relatively weak. Thus, to a first approximation, an
atom can be regarded as a system of independent electrons moving in a partially-
screened Coulomb field. Corrections can be made to include the correlation eÆects
induced by the small, but well understood, residual electronic interactions and, with
a su±ciently large computer, remarkably accurate results for atomic properties can
be computed. The result is that atomic electrons occupy rather well-defined single-
particle states. Furthermore, since electrons are spin-half fermions subject to the
Pauli exclusion principle, at most two electrons (one spin up and one spin down) can
occupy the same spatial state. Thus, in the ground state of an atom, the electrons
fill the lowest energy states available. Shell structure arises because the energies of

8

Elas)c	scagering	of	electrons	reveals,	via	
the	fisng	of	model*	charge-density		
distribu)ons,	that	nuclei	do	not	have	
sharp	surfaces.	Ee	=	153	MeV.	

R&W	Fig.	1.6	

*	

λ(nm)=	1240/E(eV),	for	E	>>	mec2	=	0.5	MeV	
	
Ee	=	153	MeV	à	λ	=	8	fm	



Nuclei	do	not	have	sharp	surfaces:	
their	surfaces	are	diffuse	

R&W	Fig.	1.7	

Figure:	adapta)on	from	B.	Frois	
and	C.	Papanicolas,		
Ann.	Rev.	Nucl.	Sci.	37	133		1987	

From	elas)c	electron	scagering	



Differences	in	mean-square	charge	radii	
reveal	shell	structure	
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1.3 Nuclear shell structure
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Figure 1.11: DiÆerences in mean-square charge radii for isotopes diÆering in N by 2. Data are for selected
isotopes and even N . Solid and open circles are used only to help distinguish isotopic sequences. Discon-
tinuities are clearly evident at N = 28, 50, 82, and 126. The very large (oÆ-scale) shifts for Rb and Sr at
N = 60 are due to a sudden onset of deformation (see Figure 1.41). (The data are from: Otten E.W. (1989),
in Treatise on Heavy-Ion Science, Nuclei Far from Stability, Vol. 8, edited by D.A. Bromley (Plenum Press,
New York), p. 517; Nadjakov E.G., Marinova K.P. and Gangrsky Y.P. (1994), At. Data Nucl. Data Tables
56, 133; Shera E.B. et al. (1976), Phys. Rev. C14, 731 – Fe, Ni, Zn; Mårtensson-Pendrill A.-M. et al. (1992),
Phys. Rev. A45, 4675 – Ca; Wendt K. et al. (1988), Z. Phys. A329, 407 – Ba; and Alkhazov G.D. et al.
(1988), Nucl. Phys. A477, 37 – Tm.)

states are, in general, fractionally occupied. Thus, to the extent that a single-
nucleon state is occupied, it can give up a nucleon in a pickup reaction leaving
behind a residual nucleus in a hole state. Conversely, to the extent that a single-
nucleon state is empty, it can accept a nucleon in a stripping reaction thereby
creating a residual nucleus in a particle state.

Transfer reactions are simplest to interpret when either the initial or the final
state of the target nucleus has spin (i.e., total angular momentum) zero and when
the conditions are such that the transition from the initial to the final state oc-
curs, to a good approximation, in a single step. This happens when the interaction
between the projectile and target nucleus is weak and can be treated in first or-
der perturbation theory, i.e., in the Born approximation. One then describes the
reaction as a direct reaction.

When either the state of the target nucleus or the state of the final nucleus
has spin zero, the spin and parity of the transferred nucleon in a direct single-
nucleon transfer reaction is simply the diÆerence in the spin and parity of the initial
and final nuclear states. Moreover, the orbital component of the total angular

13

R&W	Fig.	1.11	



Atomic	hyperfine	spectroscopy	leads	to	high-
precision	isotope	shiw	data:	Y	(Z	=	39)	isotopes	

134 B. Cheal et al. / Physics Letters B 645 (2007) 133–137

(2)Q0 = Qs
(I + 1)(2I + 3)

I (2I − 1)
,

where ⟨r2⟩sph is the spherical radius [10], Q0 is the intrinsic
quadrupole moment and Qs is the spectroscopic quadrupole
moment. The change in mean-square charge radius, δ⟨r2⟩, has
the following dependence on the multipole shape:

(3)δ
〈
r2〉 = δ

〈
r2〉

sph +
〈
r2〉

sph
5

4π

∑

i

δ
〈
β2

i

〉
.

Changes in ⟨r2⟩ that result from changes in collective shape are
most often dominated by the quadrupole, i = 2, term. Optical
measurements of the yttrium ground and isomeric states are ca-
pable of yielding information on both ⟨β2⟩ and ⟨β2

2 ⟩.
Yttrium isotopes with mass numbers from 86 to 90 were

produced at the IGISOL facility [11], University of Jyväskylä,
Finland using 33 MeV 89Y(p, pxn)86–89Y and 14 MeV 89Y(d,
pxn)89,90Y reactions. Neutron-rich yttrium isotopes were pro-
duced using a 30 MeV natU(p, f)92–102Y reaction. The recoil-
ing reaction products were thermalised in fast flowing he-
lium gas, electrostatically extracted and mass analysed. Iso-
mers of 87–90,93,96–98Y were also produced. Typical ion fluxes
of 7000 s−1 for mass A = 90 and 3000 s−1 for the A = 98
fission fragments were obtained. The energy spread in the ex-
tracted beam was reduced by cooling in a gas filled RF quadru-
pole [12]. A stabilised continuous wave, frequency-doubled dye
laser provided up to 0.5 mW of 363 nm UV light, which was fo-
cused and overlapped collinearly with the ion beam [12]. High
resolution spectra of the 5s2 1S0 (ground state) → 4d5p 1P1
(27516.691 cm−1) ionic transition were taken for each isotope
by observing the flux of fluorescence photons as the acceler-
ation voltage was ramped. This tuning voltage, applied to the
laser-ion interaction region, acts to Doppler-shift the apparent
frequency of the laser light producing a laser frequency scan
across the ionic hyperfine resonances. The absolute background
from scattered non-resonant photons was reduced by accumu-
lating and bunching the ions during cycles of 50 ms to 200 ms
and only counting photons during a 25 µs gate defining the
laser-ion bunch interaction time [12]. Sample spectra are shown
in Fig. 1.

A chi-squared minimisation technique was used to fit the
structures according to

(4)ν + A
K

2
+ B

3K(K + 1) − 4I (I + 1)J (J + 1)

8I (2I − 1)J (2J − 1)
,

where ν is the centroid of the transition and K = F(F + 1) −
I (I +1)−J (J +1). The quantum number F (where F = I+J)
represents the total angular momentum and A and B are the hy-
perfine coefficients for the upper electronic state. The difference
in centroid frequency between isotopes A and A′, δνA,A′ =
νA′ − νA, is the isotope shift. The evaluation of these quanti-
ties is presented in Table 1.

The magnetic dipole moment, µ, and spectroscopic electric
quadrupole moment, Qs, are related to their respective hyper-
fine coefficients by [1]

(5)A = µIBel

IJ
, B = eQs

〈
∂2Ve

∂z2

〉
.

Fig. 1. Sample resonance fluorescence spectra for the studied yttrium isotopes
and isomers.

The most accurate previously known magnetic moment is that
of 89gY, for which µ = −0.1374154(3)µN [13] and for the
quadrupole moment, 90gY, where Qs = −0.125(11) b [14]. Us-
ing Eqs. (5) these values calibrate the magnetic field produced
at the nucleus by the atomic electrons, Bel, and the electric
field gradient of the electron distribution, ⟨∂2Ve/∂z2⟩, respec-
tively. These atomic parameters can then be used to determine
the moments for other yttrium ground and isomeric states. The
moments determined in this work are presented in Table 2.

The magnetic moments determined in this work are in agree-
ment with values reported for 90gY (µ = −1.630(8)µN [13]),
90mY (|µ| = 5.1(5)µN [13]) and 93gY (µ = −0.1390(9)µN

136 B. Cheal et al. / Physics Letters B 645 (2007) 133–137

Fig. 2. Resonance peaks of 97g,m,m2Y together with a fitted multi-component
Voigt profile (a convolution of a Lorentzian and Gaussian line shapes).

lower seniority (despite an increase in static deformation). Al-
though the spin 27/2 assignment is tentative, changing this by
±1 alters the results for the nuclear moments and isomer shifts
by less than 2%.

Brant et al. [23] have recently proposed an Iπ = 5+ spin as-
signment for the 98Y 2 s isomer. Their analysis which employed
the IBFFM variant of the interacting boson model to reproduce
the experimental 98Y level structure also suggested this isomer
to have a spherical structure. Irrespective of the spin assign-
ment, the isomeric state observed in this work is found to be
strongly deformed. Assuming this isomer shares the π5/2[422]
valence configuration common to the other deformed nuclei
with N > 59, the spin value must be limited to I ! 4. How-
ever, non-optical data [23] suggest I " 4 in order to reproduce
the observed lifetime and β-decay feeding patterns. Increasing
I " 5 decreases the extracted ⟨β2⟩ and increases the difference
between this parameter and the ⟨β2

2 ⟩. Results for both I = 4
and I = 5 are offered in Tables 1, 2 and 3 (with the former
used in Fig. 3). In this work a zero spin is confirmed for the
98Y ground state. For the deformed structures observed in 100Y
and 102Y, use of the same proton configuration as 99,101Y lim-
its possible spin assignments to I = 2 or 3 in either system.
An analysis assuming I = 1 yields unphysical quadrupole mo-
ments, β2 > 0.7, and assignments of I " 4 are incapable of
reproducing the relative hyperfine intensities for both isotopes.
For 100Y a deformation of β = 0.47(4), corresponding to I = 2,
is too large to be compatible with a rigid, strongly deformed nu-
cleus. For 93mY a nuclear spin of 9/2 is reported. This corrects
an erroneous assignment given in Ref. [24].

Table 3 lists values of ⟨β2
2 ⟩ and static ⟨β2⟩ parameters cal-

culated from experimental δ⟨r2⟩ (Eq. (3)) and Qs (Eqs. (1)
and (2)), respectively. Calculations of δ⟨r2⟩89,A made using
Eq. (3) and the static ⟨β2⟩ parameters in place of ⟨β2

2 ⟩ are shown
in Fig. 3. The experimental δ⟨r2⟩89,A values, evaluated from
the isotope shifts, are also shown. Both parameters confirm the
sudden nature of the onset of deformation—the experimental
charge radii in particular departing sharply from an otherwise
linear progression—to immediately reach saturation at N = 60.

For isotopes beyond N = 59 a close correspondence exists
between the experimental charge radii and those estimated from
the droplet model corrected for static β2 changes alone. This

Fig. 3. Experimental charge radii compared to estimates with contributions
from static β2 deformation alone. Droplet model [10] isodeformation lines for
βrms = 0 and 0.43 are shown dashed. Alternative spin assignments for A = 102
are indicated.

Table 3
Static quadrupole deformation parameters, ⟨β2⟩, extracted from Qs moments,
and relative ⟨β2

2 ⟩ values (with respect to 89gY) from δ⟨r2⟩. The errors on ⟨β2
2 ⟩,

which are not included in the table, reflect the 10% systematic uncertainty in
δ⟨r2⟩
A I ⟨β2⟩ ⟨β2

2 ⟩ A I ⟨β2⟩ ⟨β2
2 ⟩

87m 9/2 −0.11(1) +0.042 97m 9/2 −0.16(2) +0.077
88 4 +0.035(7) +0.015 97m2 (27/2) −0.18(2) +0.061
88m 8 +0.010(9) +0.019 98m (4) +0.33(3) +0.201
89m 9/2 −0.09(1) +0.004 98m (5) +0.31(3) +0.201
90 2 −0.050(5) +0.007 99 5/2 +0.41(4) +0.181
90m 7 −0.11(1) +0.014 100 (3) +0.39(4) +0.175
92 2 0.00(1) +0.025 101 5/2 +0.40(4) +0.184
93m 9/2 −0.14(2) +0.045 102 (2) +0.39(4) +0.178
94 2 −0.012(6) +0.035 102 (3) +0.32(3) +0.177
96m 8 −0.16(2) +0.062

correspondence supports the evaluation of F and M and is iden-
tical to the behaviour observed in the Sr and Zr isotope chains.
Previous γ -spectroscopic studies [25] of 99Y and 101Y have
strongly suggested pure axially symmetric, deformed, shapes
for these nuclei. This suggestion is well supported by the be-
haviour of the charge radii and quadrupole moments.

From the N = 50 shell closure to 98Y, the charge radii of
the isomeric states increase above the isodeformation line by
an amount at least twice that expected from the calculated static
quadrupole contribution. The discrepancy is identical to that ob-
served, and explored, in neighbouring isotonic chains [1,3–5].
Additional contributions from octupole, β3, deformation have,
in zirconium, been previously rejected as a possible explanation
for the discrepancy [5]. The widening discrepancy may how-
ever be accounted for by an increasing dynamic component of

B.	Cheal	et	al.,	PL	B645,	133	(2007)	



Atomic	hyperfine	splisng	due	to	magne)c	dipole	and	
electric	quadrupole	moments	of	the	nucleus	

2. Period 1: from Rutherford to the Nobel prize work,
from the 1930s to the early 1950s. The early steps
towards nuclear deformation and collective motion

Our knowledge of the atomic nucleus has mainly been driven
by ingenious experimental work. The start came with the α-
scattering experiments of Hans Geiger and Ernest Marsden
(1909), Geiger (1910), which were interpreted by Ernest
Rutherford (1911). These experiments set the length scale
characteristic of the extension of the atomic nucleus. Since
then, a number of key experiments have disclosed the
essential degrees of freedom, at the same time giving rise to
an increasing theoretical activity that evolved hand in hand
with the experimental developments.

Following the work of Geiger, Marsden, and Rutherford,
there occurred a number of landmark early steps. The dis-
covery of the neutron by James Chadwick (1932) gave rise,
rapidly, to the concept of charge symmetry by Werner Hei-
senberg (1932) using the Pauli spin matrices and an SU(2)
algebraic structure. Experiments providing indications of
particular stability for light α-like nuclei were at the origin of
an extension by Eugene Wigner (1937) to combine isospin
and intrinsic spin into the SU(4) supermultiplet scheme,
proposing full charge independence of the nucleon–nucleon
interaction. The latter scheme was at the origin of a first
prototype nuclear shell model, introduced by Eugene Feen-
berg and Melba Phillips (1937), using simple forces with
exchange character (Heisenberg 1932, Majorana 1933, Bar-
tlett 1936) to describe the binding energies from 6He to 16O.
Discoveries following from radioactive decay studies and
inspection of the abundances of the stable elements pointed to
the extra stability of nuclei possessing the proton and/or
neutron numbers 50, 82 and 126, configurations that posed
serious problems for the early shell model.

It was the high precision experiments obtained in atomic
physics studies of the hyperfine structure in atoms, in the
early 1930s, that gave information on the fact that the stan-
dard Landé interval rule could not explain the early obser-
vations made by Hermann Schüler and Theodore Schmidt
(1935) for some odd-mass Eu nuclei, see figure 1.

Very early speculations about ‘Unregelmässigkeiten des
elektrischen Kernfeldes’ (which were not based on very
detailed experiments) had been put forward by Wolfgang
Pauli (Casimir 1983) and Julio Racah (1931). Discussions
between Schüler and Hendrik Casimir (1983), bringing
together the early material on atomic hyperfine studies,
pointed towards the need to consider effects in the nuclear
charge distribution that imply interactions of the outer elec-
trons with a quadrupole deformed nuclear charge distribution,
in order to explain the observed deviations from the standard
Landé interval rule (Landé 1933) (effect given through j.A(r)
(Haken and Wolf 2004)).

Casimir gave a solution to the hyperfine splitting problem
by proposing that the independent-particle motion character-
izing the odd-nucleon in odd mass nuclei is influenced by the
quadrupole deformed nuclear charge distribution (Casi-
mir 1935). This was discussed later in his prize essay ‘On the

Interaction between Atomic Nuclei and Electrons’, Teylerʼs
tweede Genootschap, Haarlem, 1936 (Casimir 1936).

In 1940, Schmidt (1940) published a note on the early
data at that time for quadrupole moments. Almost ten years
later, a systematic study of quadrupole moments by Charles
Townes, H M Foley and W Low (1949) revealed incon-
sistency with a single nucleon moving in a central potential,
indicating the need for an induced deformation. (Useful
additional sources, sketching these events, have been given
by Peter Brix (1985) and by J A S Smith (1986).

Concurrent with the above developments, in 1934 Enrico
Fermi succeeded in producing nuclear reactions using neu-
trons, in particular slow ones, thereby covering almost all of
the then known stable nuclei (Fermi et al 1934) and extending
the experimental knowledge on atomic nuclei in a major way.
His results led to Niels Bohrʼs concept of a compound
nucleus, resulting from the strong interactions between
nucleons (Bohr 1936). This allowed a description of neutron
cross-sections and the statistical characteristics of the nucleus
at high excitation energy. At the same time, the picture of the
atomic nucleus considered as a charged liquid drop was put
forward by Carl Friedrich von Weizsäcker and by Hans Bethe
and R Bacher to describe nuclear binding energy properties
(von Weizsäcker 1935, Bethe and Bacher 1936). This
approach adopted the name ‘liquid droplet’ model coined by
N Bohr and F Kalckar (1937) which later formed the basis of
the paper of Bohr and John Archibald Wheeler on fission
(Bohr 1939), taking the bold step to consider the liquid drop
model as a dynamical model, being able to exhibit vibrational
and rotational collective modes of motion (see also Belyaev
and Zelevinski 1985). Nuclear rotational motion had by then
been studied by Wheeler and Edward Teller (Wheeler 1937,
Edward Teller and Wheeler 1938) treating nuclei as rotating

Figure 1. Atomic hyperfine splitting for a J=1, I=3/2, F=5/2
multiplet, showing the Landé ‘intervals’ due to the presence of a
nuclear magnetic dipole moment and the deviations due to a nuclear
quadrupole moment (taken from Haken and Wolf 2004, with
permission of Springer). Here, a denotes the hyperfine or interval
constant m= +a g B J J 1I N J ( ) with gI the g-factor for the atomic
nucleus and BJ the magnetic field strength produced by the electrons
at the place of the nucleus. The constant D denotes the coupling
strength (eQ)(¶2V/¶z2) with Q the nuclear quadrupole moment.
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2. Period 1: from Rutherford to the Nobel prize work,
from the 1930s to the early 1950s. The early steps
towards nuclear deformation and collective motion

Our knowledge of the atomic nucleus has mainly been driven
by ingenious experimental work. The start came with the α-
scattering experiments of Hans Geiger and Ernest Marsden
(1909), Geiger (1910), which were interpreted by Ernest
Rutherford (1911). These experiments set the length scale
characteristic of the extension of the atomic nucleus. Since
then, a number of key experiments have disclosed the
essential degrees of freedom, at the same time giving rise to
an increasing theoretical activity that evolved hand in hand
with the experimental developments.

Following the work of Geiger, Marsden, and Rutherford,
there occurred a number of landmark early steps. The dis-
covery of the neutron by James Chadwick (1932) gave rise,
rapidly, to the concept of charge symmetry by Werner Hei-
senberg (1932) using the Pauli spin matrices and an SU(2)
algebraic structure. Experiments providing indications of
particular stability for light α-like nuclei were at the origin of
an extension by Eugene Wigner (1937) to combine isospin
and intrinsic spin into the SU(4) supermultiplet scheme,
proposing full charge independence of the nucleon–nucleon
interaction. The latter scheme was at the origin of a first
prototype nuclear shell model, introduced by Eugene Feen-
berg and Melba Phillips (1937), using simple forces with
exchange character (Heisenberg 1932, Majorana 1933, Bar-
tlett 1936) to describe the binding energies from 6He to 16O.
Discoveries following from radioactive decay studies and
inspection of the abundances of the stable elements pointed to
the extra stability of nuclei possessing the proton and/or
neutron numbers 50, 82 and 126, configurations that posed
serious problems for the early shell model.

It was the high precision experiments obtained in atomic
physics studies of the hyperfine structure in atoms, in the
early 1930s, that gave information on the fact that the stan-
dard Landé interval rule could not explain the early obser-
vations made by Hermann Schüler and Theodore Schmidt
(1935) for some odd-mass Eu nuclei, see figure 1.

Very early speculations about ‘Unregelmässigkeiten des
elektrischen Kernfeldes’ (which were not based on very
detailed experiments) had been put forward by Wolfgang
Pauli (Casimir 1983) and Julio Racah (1931). Discussions
between Schüler and Hendrik Casimir (1983), bringing
together the early material on atomic hyperfine studies,
pointed towards the need to consider effects in the nuclear
charge distribution that imply interactions of the outer elec-
trons with a quadrupole deformed nuclear charge distribution,
in order to explain the observed deviations from the standard
Landé interval rule (Landé 1933) (effect given through j.A(r)
(Haken and Wolf 2004)).

Casimir gave a solution to the hyperfine splitting problem
by proposing that the independent-particle motion character-
izing the odd-nucleon in odd mass nuclei is influenced by the
quadrupole deformed nuclear charge distribution (Casi-
mir 1935). This was discussed later in his prize essay ‘On the

Interaction between Atomic Nuclei and Electrons’, Teylerʼs
tweede Genootschap, Haarlem, 1936 (Casimir 1936).

In 1940, Schmidt (1940) published a note on the early
data at that time for quadrupole moments. Almost ten years
later, a systematic study of quadrupole moments by Charles
Townes, H M Foley and W Low (1949) revealed incon-
sistency with a single nucleon moving in a central potential,
indicating the need for an induced deformation. (Useful
additional sources, sketching these events, have been given
by Peter Brix (1985) and by J A S Smith (1986).

Concurrent with the above developments, in 1934 Enrico
Fermi succeeded in producing nuclear reactions using neu-
trons, in particular slow ones, thereby covering almost all of
the then known stable nuclei (Fermi et al 1934) and extending
the experimental knowledge on atomic nuclei in a major way.
His results led to Niels Bohrʼs concept of a compound
nucleus, resulting from the strong interactions between
nucleons (Bohr 1936). This allowed a description of neutron
cross-sections and the statistical characteristics of the nucleus
at high excitation energy. At the same time, the picture of the
atomic nucleus considered as a charged liquid drop was put
forward by Carl Friedrich von Weizsäcker and by Hans Bethe
and R Bacher to describe nuclear binding energy properties
(von Weizsäcker 1935, Bethe and Bacher 1936). This
approach adopted the name ‘liquid droplet’ model coined by
N Bohr and F Kalckar (1937) which later formed the basis of
the paper of Bohr and John Archibald Wheeler on fission
(Bohr 1939), taking the bold step to consider the liquid drop
model as a dynamical model, being able to exhibit vibrational
and rotational collective modes of motion (see also Belyaev
and Zelevinski 1985). Nuclear rotational motion had by then
been studied by Wheeler and Edward Teller (Wheeler 1937,
Edward Teller and Wheeler 1938) treating nuclei as rotating

Figure 1. Atomic hyperfine splitting for a J=1, I=3/2, F=5/2
multiplet, showing the Landé ‘intervals’ due to the presence of a
nuclear magnetic dipole moment and the deviations due to a nuclear
quadrupole moment (taken from Haken and Wolf 2004, with
permission of Springer). Here, a denotes the hyperfine or interval
constant m= +a g B J J 1I N J ( ) with gI the g-factor for the atomic
nucleus and BJ the magnetic field strength produced by the electrons
at the place of the nucleus. The constant D denotes the coupling
strength (eQ)(¶2V/¶z2) with Q the nuclear quadrupole moment.

2

Phys. Scr. 91 (2016) 083008 Invited Comment

2. Period 1: from Rutherford to the Nobel prize work,
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the experimental knowledge on atomic nuclei in a major way.
His results led to Niels Bohrʼs concept of a compound
nucleus, resulting from the strong interactions between
nucleons (Bohr 1936). This allowed a description of neutron
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at high excitation energy. At the same time, the picture of the
atomic nucleus considered as a charged liquid drop was put
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and R Bacher to describe nuclear binding energy properties
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approach adopted the name ‘liquid droplet’ model coined by
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Electric	quadrupole	moments	indicate	that	many	nuclei	
are	non-spherical:	odd	Z	and	odd	N	
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Figure 1.44: Ground-state electric quadrupole moments of odd-mass nuclei. The values given are scaled by
ZR2, i.e., by the charge and squared radius of the nucleus. Solid circles are for odd-Z nuclei and open circles
are for odd-N nuclei. The solid line is to guide the eye. (The data are taken from Raghavan P. (1989), At.
Data Nucl. Data Tables 42, 189 and Stone N.J. (2005), At. Data Nucl. Data Tables 90, 75.)

In the rotor model (Section 1.7.2), deformed nuclei (both even and odd) are most
commonly described as prolate spheroidal (axially symmetric, cigar shaped) objects
with only rotational degrees of freedom. The component of the angular momentum
of the nucleus relative to the symmetry axis of the rotor is a good quantum number
in this model and takes a constant value (K) for all states of a rotational band.
Then, because the angular momentum, J , of the nucleus cannot be less than its
projection on any axis, it cannot be less than K. Moreover, the lowest energy state
of a simple rotor has the smallest value of J possible. Thus, for a simple rotor, K
is equal to the angular momentum of its ground state.

The quadrupole moment of a state of angular momentum J is defined to be the
quadrupole moment of this state when its angular momentum is maximally aligned
with the space-fixed z axis, i.e., when M = J . Then, as illustrated in Figure 1.45(a),
if the state with angular momentum J is the ground state of an axially symmetric
rotor, the projection of the angular momentum J (a vector) onto the symmetry
axis of the rotor is also K = J . Thus, the symmetry axis of the rotor will be

46

Rowe	&	Wood	Fig.	1.44	

0	
prolate	

oblate	



Mul)-step	Coulomb	Excita)on	

Multiple-step Coulomb excitation (multi-Coulex) populates excited 
collective states in nuclei.

An incident nucleus is scattered by 
the Coulomb interaction with a 
target nucleus.

A close (“safe”) approach results in 
multiple Coulomb interactions only 
(no complication from strong 
interactions).

Level energies and transition 
strengths are deduced through γ -
ray spectroscopy.

Level lifetimes, quadrupole 
moments and transition matrix 
elements are deduced by a least-
squares fit to γ-ray yields.

Gammasphere:
110 Ge γ-ray detectors.

CHICO:
particle detector.

13Figure:	W.D.	Kulp,	Ga	Tech	



Mul)-step	Coulomb	excita)on:	Doppler-corrected	
response	of	a	beam	of	152Sm	on	a	208Pb	target	

Multi-Coulex with 
Gammasphere and 

CHICO
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Figure:	W.D.	Kulp,	Ga	Tech	



Rigid	rotor	model	energy	ra)os	

   R4 = E(41
+) / E(21

+)        E(I) = A I(I + 1) 

R&W	Fig.	1.56	

A	~	(moment	of	iner)a)-1		



Energies	of	first-excited	2+	states	in	nuclei	

R&W	Fig.	1.36	

E(21+)	~	(mom.	of	iner)a)-1		



Nuclear	rota)on—	
in	the	laboratory	frame	nuclei	look	“fuzzy”	

  Prolate rotor:   (a)  K = J           (b)  K = 0 

I	or	J		are	used	
interchangeably	

R&W	Fig.	1.45	



Axially	symmetric	rigid	rotor	model:		
quantum	numbers		

R&W	Fig.	1.46	

the z-axis and the 3-axis 
are not in a rigidly  
oriented relationship 

R:	collec)ve	angular	momentum	
	
J:	intrinsic	spin	
	
I:	total	spin	/	angular	momentum	
	
M:	laboratory-frame,	
								z-	component	of	I	
	
K:		body-frame	(symmetry	axis),	
							3-component	of	I		
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1 Elements of nuclear structure

and the sum is over the protons; neutrons do not contribute to the charge quadrupole
moment which is the moment measured.

A plot of the electric quadrupole moments of first excited 2+ states of even
open-shell nuclei, given in Figure 1.37, shows that these states have large negative

Q
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– 0.50
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Figure 1.37: Electric quadrupole moments of the first excited 2+ state, Q(2+1 ) in doubly-even nuclei plotted
versus mass number, A. Singly-closed shell nuclei are represented by open circles; doubly-open shell nuclei
are represented by solid circles. (The data are taken from Raghavan P. (1989), At. Data Nucl. Data Tables
42, 189 and Stone N.J. (2005), At. Data Nucl. Data Tables 90, 75 (we omit cases for which there is serious
disagreement between reported values); and from: Czosnyka T. et al. (1986), Nucl. Phys. A458, 123 – 248Cm;
Wollersheim H.J. et al. (1993), Nucl. Phys. A556, 261 – 226Ra; Wu C.Y. et al. (1991), Nucl. Phys. A533,
359 – 182,184W; Fahlander C. et al. (1992), Nucl. Phys. A541, 157 – 172Yb; Kotliński B. et al. (1990), Nucl.
Phys. A517, 365 – 168Er; Svensson L.E. et al. (1995), Nucl. Phys. A584, 547 – 106,108Pd; Kavka A.E. et al.
(1995), Nucl. Phys. A593, 177 – 76,80,82Se; and Svensson L.E. (1989), Ph.D. thesis, Univ. of Uppsala –
110Pd.)

quadrupole moments for doubly-open shell nuclei and small quadrupole moments
when N or Z is magic.

When a charged object with a large quadrupole deformation rotates, it emits
electric quadrupole (E2) radiation. Thus, a broad overview of nuclear deformation
in doubly-even nuclei is provided by the electric quadrupole transition rates for
gamma-ray decay from first excited Jº = 2+ states to the Jº = 0+ ground states.
These transition rates are given in terms of reduced transition rates, the so-called
B(E2) values defined in the Appendix, Equations (B.3) - (B.5). The reduced tran-
sition rate B(E2; 21

+ ! 01
+) is shown for nuclei in the range 142 < A < 152 in

40

Quadrupole	moments	of	2+,	K	=	0	states:	
most	are	prolate,	but	appear	to	oblate	

prolate	

oblate	
	0	

R&W	Fig.	1.37	

Q	~	[3K2	–	I(I	+	1)]	Q0	

¤	--singly	closed	shell	nuclei	

Uncertain)es?		Lack	of	data?	

K	=	0:	
minus	sign	



Electric	quadrupole	transi)on	probabili)es		
B(E2;	21+	->		01+):	Deforma)on 	

Large B(E2) values: 
open-shell nuclei are deformed 

R&W	Fig.	1.38	



B(E2)	values	

															B(E2)	=	9527	/	Eγ5		T1/2		A4/3	
	

	Eγ in	MeV	
	T1/2	in	ps*	
	B(E2)	in	Weisskopf	units	(W.u.)	
						B(E2)	W.u.	=	5.940	x	10-6	A4/3		e2	b2	
	

*There	are	mul)ple	processes	per	decay	path,	e.g.,	γ decay	and	internal	conversion;	
some)mes	more	than	one	decay	path:	T1/2	=	T1/2	(measured)	/	branching	frac)on.	
				
e—unit	of	electrical	charge;		b	=	barns,	1b	=	10-24	cm2		
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Figure	2.4.	Plot	of	B(E2;	21+	à	01+)	in	W.u.	versus	E(21+)	in	keV	for	all	available	data	
(for	doubly	even	nuclei).	This	illustrates	the	inverse	rela)onship	between	the	two	quan))es.					
		

Figure	2.4	
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Figure:	J.M.	Allmond,	Oak	Ridge	Nat.	Lab.	



Nuclear	Data	
•  Nuclear	Data	Sheets	
•  Evaluated	Nuclear	Structure	Data	Files	(ENSDF)	
						nndc.bnl.gov	
•  Experimental	Unevaluated	Nuclear	Data	List	(XUNDL)	
						nndc.bnl.gov	
•  Masses--Atomic	Mass	Evalua)on	(AME)	
						AME2016	Chin.	Phys.	C41	No.	3		030001	et	seq.	(2017)	
•  Radii	
						At.	Data	Nucl.	Data	Tables	99		69		(2013)	
•  Moments	
						At.	Data	Nucl.	Data	Tables	90		75		(2005)	[incomplete];	
							ibid.	111/112		1		(2016)	[incomplete]	
•  B(E2)	data	
						At.	Data	Nucl.	Data	Tables	78		1		(2001)	
							At.	Data	Nucl.	Data	Tables	107		1		(2016)	[some	errors;	nonstandard	eval.]	
	



LECTURE	1:	DISCUSSION	



Some	ques)ons	
•  In	the	first	atomic	bomb	detona)on,	how	many	grams	of	mass	were	

converted	to	energy?	
•  How	many	kilograms	of	mass	is	the	Sun	“burning”	per	second?	
•  Why	do	the	S2n	vs.	A	slopes	for	the	three	shell	regions	shown	for	the	Ca	

isotopes	exhibit	a	“steep”-”shallow”-”steep”	pagern?	[DIFFICULT—clue,	
look	at	a	shell	model	diagram.	Also,	think	of	nuclear	size	(confining	
poten)al)]		

•  Why	do	light	nuclei	(16O,	40Ca)	not	quite	follow	the	R	~	1.2	A1/3	fm	
rela)onship?		

•  What	is	happening	with	δ<r2>	for	the	Rb,	Sr	and	Y	isotopes	at	N	=	60?	
•  Why	does	the	atomic	hyperfine	splisng	due	to	the	electric	quadrupole	

moment	of	the	nucleus	depend	on	the	second	deriva)ve	of	the	electric	
field?		



Some	nuclei	are	too	short-lived	to	be	isolated	in	the	
laboratory:	the	drip	lines	have	been	reached	

R&W	Fig.	1.3	

Figure	a)	from	M.	Langevin	et	al.,	
	PL	B150,	71	(1985).	
	
Figure	b)	from	M.G.	Saint-Laurent	et	al.,	
PRL	59,	33	(1987).	



The	challenge	to	the	nuclear	structure	physicist	is	to	study	the	
“fine	and	superfine”	structure	of	the	B/A	curve	



Rela)onship	of	separa)on	energies	to	nuclear	
masses	

Ground	states	of	all	even-even	nuclei:	
	
they	have	spin	0	because	the	pairing		
force	favors	maximum	overlap	of	the	
nucleon	wave	func)ons;	
	
parity	is,	by	conven)on,	posi)ve	for	
these	states.	
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6.9 Implications and applications of BCS theory

One-proton separation energies are shown for the N = 82 isotones in Figure
6.21 and one-neutron separation energies are shown for the Z = 82 (Pb) isotopes
in Figure 6.22. Observe the very diÆerent slopes of of the dashed lines in the two
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Figure 6.21: One-proton separation energies, Sp, for the N = 82
isotones. All lines are drawn to guide the eye. All uncertainties
but one are smaller than the circles around the data points. Note
that the extreme right-hand data point (for 153Lu) corresponds to
this nucleus being unbound with respect to one-proton emission.
(Data taken from Audi G., Wapstra A.H. and Thibault C. (2003),
Nucl. Phys. A729, 337.)
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Figure 6.22: One-neutron separation ener-
gies, Sn, for the Z = 82 (Pb) isotopes. All
lines are drawn to guide the eye. All uncer-
tainties are smaller than the circles around
the data points. (Data taken from Audi
G., Wapstra A.H. and Thibault C. (2003),
Nucl. Phys. A729, 337.)

figures which indicate the diÆerent strengths of the eÆective pairing interaction at
N = 82 and Z = 82 (cf. Equation (6.30)). Note, also the discontinuity that occurs
between 207Pb and 209Pb which is attributed to the “rapid” filling of the 3p1/2
subshell (cf. Figure 6.4 for the Sn isotopes).

6.9.3 The energy gap and collective two quasi-particle states

An important result of BCS theory is the prediction of an energy gap between the
ground state of an even nucleus and its first excited state. In the BCS approxi-
mation, this energy gap is the energy required to create two quasi-particles, 2Ej ,

483



The	anatomy	of	pairing	in	finite	many-body	quantum	
systems:	effect	on	separa)on	energies	



In	molecules,	quantum	degrees	of	freedom		
have	separate	spectral	responses	

						The	infrared	absorp)on	spectrum	of	HCl	reveals	molecular	vibra)ons	and	rota)ons.		

rota)onal	const.	
A1	=	10.134	cm-1	
	
A0	=	10.437	cm-1			



Quantum	mechanics	of	E2	transi)ons	and	moments	for	
the	rigid	axially	symmetric	rotor	


